The torsional oscillation of a dipolar particle driven by a magnetic field consisting of two orthogonal components, an oscillating one (B ∼ = B ∼ 0 cos(ωt)) and a static one (B = ), is described by the differential equation
Phenomenological determination of an approximate solution for θ A
The torsional oscillation of a dipolar particle driven by a magnetic field consisting of two orthogonal components, an oscillating one (B ∼ = B ∼ 0 cos(ωt)) and a static one (B = ), is described by the differential equation
(1) = mB ∼ 0 cos(ωt) cos θ (t) + mB = sin θ (t).
Under such conditions, dipolar particles perform well-defined oscillations, and the study of the oscillation amplitude θ A only is sufficient for a quantitative analysis of the rotational friction. There exists no analytic equation for θ A , but one can derive an approximate expression as follows. θ A depends on three field parameters, B ∼ 0 , ω, B = , and two fixed system parameters, the rotational friction coefficient f r and the magnetic moment m of a particle. A general understanding of the dependence of θ A on the field parameters can be obtained from a boundary value analysis. θ A reaches certain limiting values if one of the field parameters becomes either zero or infinite ( Figure S1 ). For the case that B = = 0 the rotational motion can be solved analytically. Assuming an initial dipole orientation of θ 0 = 0 • gives the amplitude function
Sketching equation (3) as a function of B ∼ 0 and of ω ( Figure S1 a, b) reveals that θ A converges to
Next, we consider the case of vanishing field oscillation (ω = 0) while B = > 0 is applied ( Figure S1 b, c). In this case the dipole obtains a static orientation given by
The difficulty is now in finding a single equation that fulfills the boundary conditions given by equation (3) and equation (4), and that is also valid in the intermediate ranges.
The most striking consequence of combining non-zero ω and B = (dashed curves in Figure S1 a, c) is the vertical compression of the curves given by equation (3) and by equation (4) such that θ A decreases with respect to the cases θ A (B = = 0) and θ A (ω = 0). In the following, an approximate function for the oscillation amplitude will determined based on phenomenological arguments. A first guess for an approximate solution θ ap A is given by simply multiplying the dynamic term (equation (3)) and the static term (equation (4)), which gives
The correction by 2 π (red) is a normalization factor. It accounts for the fact that equation (3) and equation (4) A at the measurement points is provided in Table S1 . The approximate function and the numerical data points are plotted in Figure S2 a,b. It shows that θ ap1 A underestimates θ ns A in the low-field regime of B ∼ 0 ( Figure S2 b) , thus, in the range where B = has a considerable impact. Figure S1 . Sketched trends of the oscillation amplitude θ A as a function of the field parameters a) ω, b) B ∼ 0 and c) B = .
The next step of approximation is based on the logical consideration that any further correction of the oscillation amplitude should be attributed to the dynamic term arising from equation (3). The simplest form of a correction is given by incorporating a factor C such that
Theoretically, this factor C can be a function of any of the field parameters. To figure out whether one can rule out the dependence of C on one or more field parameters, the following test is performed: If C does not depend on a certain field parameter X then there should exist a constant value C by which θ ap1C A (X) reproduces the numerical data θ ns A (X) while the other parameter values are fixed. Exemplarily, this is shown in Figure S2 c, where θ ns A (ω) is plotted for two different sets of field intensities. By fitting both numerical data sets with respect to equation (6) via C, a fit value is obtained by which θ (Table S1) 
Figure S2 b and Table S1 show that θ 
This function still consistently underestimates θ ns A for small field amplitudes, but much less than θ ap1 A . Now, an additional parameter q is introduced in the term cosh q B = B ∼ 0 . Again, the dependence of q on the field parameters is tested using the same strategy as applied for analyzing C above. It is found that q negligibly depends on B ∼ 0 and B = . As an approximation q can be assumed to be constant. The fit via q against several numerical data sets (Figure 2 ) has revealed that q ≈ π 2 . This gives the final approximate solution Figure S2 . Numerically obtained oscillation amplitudes θ ns A (dots) of a dipolar particle and approximate functions θ ap(n) A (curves), for the step of approximation n = 1, ..., 4 (equation (5) -equation (9) Table S1 . Difference between the oscillation amplitude θ ns A of a dipolar particle obtained by numerical simulation (ns) and the iterative approximate functions θ A derived here provides one possibility for a suitable functionality θ A (B = , B ∼ 0 , ω) as tested for the relevant value range of all field parameters.
